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GROUP ALGEBRA MODULES. 1V

BY
S. L. GULICK(*), T.-S. LIU(*) AND A. C. M. vaNn ROOIJ

Abstract. Let I' be a locally compact group, 2 a measurable subset of I', and let
L, denote the subspace of L*(I") consisting of all functions vanishing off Q. Assume
that L, is a subalgebra of L*(I'). We discuss the collection Ro(K) of all module
homomorphisms from L into an arbitrary Banach space K which is simultaneously
a left L*(I') module. We prove that Rg(K)=%Rq(Ko) @ Ra(Kaps), Where K, is the
collection of all £ € K such that fk=0, for all fe L*(I"), and where K, consists of all
elements of K which can be factored with respect to the module composition. We
prove that R(K)) is the collection of linear continuous maps from Lg to K, which are
zero on a certain measurable subset of X. We reduce the determination of Rg(Kaps) to
the determination of Rp(Kaps). Denoting the topological conjugate space of K by K*,
we prove that (K,ps)* is isometrically isomorphic to Ry (K*). Finally, we discuss
module homomorphisms R from Lg into L1(X) such that for each fe Ly, Rf vanishes
off Y.

1. Introduction. Once again we come back to the question of module homo-
morphisms which began our investigation of group algebra modules in the first
place ([3] and [4]). The present paper descends from both these papers. If T" is a
locally compact group, LY(I") the Banach space of integrable functions on I', and
if K is a left L}(I") module, we studied in [3] the collection of module homo-
morphisms from L}(T') into K, from a rather abstract vantage point. On the other
hand, if I" acts on a locally compact space X as a transformation group, my is a
positive Radon measure on X quasi-invariant with respect to I', and if L}(X) is the
Banach space of integrable functions on X, we showed in [4] that L}(X) can be
made into a left LY(I') module, and then we examined the module homo-
morphisms from LY(T") into L*(X).

In the present paper we let Q be a measurable subset of I', and let L, denote the
subspace of LY(I") consisting of all functions vanishing off Q. We assume that L
is a subalgebra of LY(T"). Then we discuss the module homomorphisms from Lg
into an arbitrary left L1(I") module K. The collection of such homomorphisms we
call Ry(K). The fact that Ly need not have an approximate identity makes the
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problem much more difficult. The fact that L, has shifted approximate identities
makes the problem solvable, via several reductions.

In §3 we prove that Ro(K)=Ra(K) + Ra(Kavs), Where K, consists of all elements
of K which when composed with elements of LY(T") yield the zero element in K, and
where K, consists of all elements of K which can be factored into the composition
of an LY(I") element and some element of K. Thus the homomorphism problem
splits into two parts. Via Theorem 3.5, R(Kj,) is the collection of linear, continuous
maps from Lg to K, which are zero on L; where T is a certain measurable subset of
G; this set T also turns up in the previous paper [5], it involves the composition
operator in a direct way.

Next in §4, we look at R(Kaps). Let dQ={o € I" : for every measurable neighbor-
hood ® of o, ® N Q has positive measure}. We show that dQ splits up into a col-
lection #(dQ) of pairwise disjoint subsets. Then each R € Rq(Kaps) corresponds to
a collection (R;);c g4, Where R; € R(Kins) and such that R; and R are identical on
Q N J. Furthermore, for each J, the homomorphism R; is uniquely defined. Con-
versely, any collection (R;);e #q, Which is norm-bounded in Rp(K) gives rise to a
(unique) R € Ry(K). Thus the problem of finding Rg(K,ps) has reduced to that of
finding Rr(Kaps)-

In §5 we assume that Q=T". We embed K into Rn(K) by the map Ty which sends
k € K into right module multiplication by k. Then K,y is injected isometrically onto
[R(K)]aws- Denoting the topological conjugate space of K by K*, we prove that
(Kaps)* is isometrically isomorphic as a module to R-(K*). This paves the way for a
collection of examples.

Let Y< X be measurable and let #(dQ) consist of only one element. We close
the paper with a study of the module homomorphisms R from L to L(X) such
that for each f€ Ly, Rf vanishes off Y.

2. Notations. The notations we use are mainly those given in §2 of [5]. Most of
the definitions and comments below have already appeared in our preceding
texts, but we desire to have them stated here explicitly for reference.

Let T be a locally compact group with identity 1 and left Haar measure m. For
fe LX(T") and o € T we have L'-functions f,, f°, f’ defined by

Jo(7) = flom), rel,

() = f(70)A(0), rel,

() = f(="HA(r™Y), el
These functions are connected with the convolution in L}(I") by the formulas
foxg=(f*8)0fT*8=f*8s [+’ =(f*g)°, and (f* g)' =g [ (f, g € L\(I)).

Let Q<T be measurable. We put Lo={fe LY(T") : f=0 a.e. outside Q} and

dQ={ceT : for every measurable neighborhood ® of o, m(® N Q)#0}. Then
Q<=dQ la.e. (= locally almost everywhere), i.e. dQ\Q is locally null. For every
o € dQ, L contains approximate identities (#;);c; and (v,);e; such that ()’ > € Lg
for each i and (v,),-* € L, for each j [5, Lemma 3.1].
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For measurable Q, ®<T, we let LoxL, be the closed linear hull of
{f*g:feLg,ge€Ls} Then

@2.1) Lo*Le = Cl ( > L,o) =Cl (Z LQ,)-
oedQ 1€d®

(The first equation is [S, Corollary 3.4]; the second is proved in a similar way as the
first.) If @ is not locally null, then d®+# @ ; taking Q=T we obtain from (2.1) that

(2.2) cl (z L,,) =L
oel’

In case L, is a subalgebra of L. we obtain from (2.1) the inclusions Qo< Q l.a.e.
and ¢Q<Q la.e. for all 0 €dQ. Thus, if fe Ly and o €dQ, then f°~ '€ Ly and
fs-1€ Lg. By [5, Corollary 3.5(ii)] dQ is a closed semigroup of I'.

We use the symbol &, to denote the characteristic function of @.

If A is a Banach algebra, an 4-module is a (left) module K over 4 which is also
a Banach space, and such that | fx k| < | f|| | k| for all f€ 4, k € K (* denoting the
module composition). In particular we shall consider L. modules. An element &k of
an L module K is called factorable if there exist fe L and k' € K such that
k=f k’. The factorable elements of K form a closed submodule K, of K [5]. K is
said to be absolutely continuous if K,,;=K. For instance, L. is an absolutely
continuous Ly module. It follows that (K,us)ans = Kabs for every K. It is clear that
lim; u; * k=k for every k € K,,s and every approximate identity (;);e; in Ly. For
o € I' we define a norm-preserving left shift k — k, in K, by

(2.3) (f*k)s =foxk', feLlpn,k'ekK
(see [5]). Then
2.4 fxk, =f%k, feLpkeKysocl.

For every k € K,, k, depends continuously on o. For all fe Ly, k€ Ky and
k* € K*, we have by [5]

@.5) K*(fx k) = fr F(o)k*(k,-1) do.

3. Reduction to order-free modules. Let K be an L module. We call X order-free
if there is no k € K such that k#0 and such that f* k=0 for every f€ L. Every
absolutely continuous module is order-free, because if K is such a module, then for
all ke K, keclosure {f*k : fe L}

In general, for an L module K we call {k€ K : f* k=0 for every fe Ly} the
order submodule K, of K. Note that k € K lies already in K, if there is a measurable
® < T, not locally null, such that L, * k={0}. (Then forevery o € I, {0} = (Lo * k),-1
=(Lo)s-1 * k=(L,o) * k, so that, by (2.2), Ly * k=Cl (Cyer Lso) * k={0}.) The
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Banach space K/K, is made into an L module by the definition
frk+Ko) =(f*xk)+K,  (feLr, keK).

This K/K, is always order-free.

Most modules we shall deal with are order-free, e.g., C(X), M(X) and L?(X)
(1 =p =0). However, modules with order sometimes arise in a natural way. Thus,
if K is an L. module, we may define a module composition on K* by the following
definition.

3.1. DerINITION. (f* k*)(k)=k*(f' * k), (f€e Ly, k € K, k* € K*).

K* is then an L module. It is not hard to prove that K* is order-free if and only
if K is absolutely continuous. In fact, there is a natural isometrical module homo-
morphism of (Kyps)* onto K*/(K*),.

Let Q be a measurable subset of I' that is not locally null, and assume that
Lg, is a subalgebra of L. Let K be an L module.

3.2. DErFINITION. A continuous linear map R: Lo — K is an (Lg, K)-homo-
morphism if R(fx*g)=f* Rg (f,geLy). The collection of (Lg, K)-homo-
morphisms we denote by Ro(K). When Q=T" we suppress the Q and write R(K).

3.3. THEOREM. For any L module K, Ro(K) is the direct sum of Ro(Kans) and
Ra(Ko). In particular, in case K is order-free, then R(f) € Ky, for all R € Ro(K) and
f€Lq.

Proof. If k € K, then lim; u; * k=k for every approximate identity (1);c; in Ly;
therefore k ¢ K, if k#0. Then by the definitions of Rqg(Kjps) and Ra(K,), their
intersection is {0}. Thus we need only show that Rg(K)=Ra(Kaps) + Ra(Ko)-

Let R e R(K) be given. Take o € dQ2. As we mentioned in §2 there exists an
approximate identity (u;);c; in Ly such that for each i€ I, (u)° "' € L. Then fe Lq
implies that f,-1: € L, and

Ry~ = lim R »f5-2) = lim R()"™ )
= lim [G4)°"" * Rf].

Since (u)° " * Rf€ Kaps and K,y is closed in K, it follows that R(f,-1) € Kyps. We
define R,: Lo — K by R, (f)=[R(f,-1)],. Then R, is a continuous linear map of
Lg, into Kyps. Take g € L. For f€ L, we have f° € Lo, so that f * R,g=f° * R(g,-1)
=R(f°*g,-1)=R(f+g)=f+* Rg. Thus Ly, *x (Rg—R,g)={0}. It follows that
Rg— R,g € K,, and we conclude that R— R, is a continuous linear map Ly — K.
Moreover, for all f, g € Ly we obtain

f*Rg =fxRg = [(f*Rg)-1], = (fo- * Rg),
= [R(fo-1 * @))s = [R((f * 8)s-1)]s
= a(.f* g)'



1970} GROUP ALGEBRA MODULES. 1V 585

Thus R, is a module homomorphism, and consequently, so is R— R,. We obtain
Ra € 3:iﬂ(lia,bs)s R_Ra € mO(KO)
The elements of Rq(Kaps) can be characterized in terms of the shift in K.

3.4. THEOREM. A continuous linear map R: Lq — K, is in Ro(Kaps) if and only
if R(fy-1)=(Rf)q-1 for all f€ Ly and o € dQ.

Proof. Take R e Ro(Kans), 0 €dQ. By the proof of the preceding theorem,
Rf—[R(f,-1)], € K, for every f € Lg. But of course Rf— [R(f,-1)], € Kaps. Therefore
Rf=[R(f,-1)],. In other words, (Rf),-:=R(f5-1).

Conversely, let R: Lo — K,ps be a linear continuous map such that R(f,-1)
=(Rf),-1 for all fe L, and o € dQ. For any f, g € L, and any k* € K* we have by
(2.5) that

K+ R = [ f@k*(R-) do

- fpf(a){[R*(k*)](ga-l)} do
— [R*KM)](f+ ) = K*R(f* 2)),

so that f* Rg=R(f * g). Thus R € Ro(Kips).

In order to describe Ry(K,) we need a little more knowledge about the algebra
L. There exists an open set T<I' such that L, is the closed linear span of
{f*g :f, gin Lg}. The proof of this statement and the explicit definition of T are
in [5]. (Note that 7 =0 because X=TI'.) In terms of this set T" we have a simple
characterization of (Lg, K,)-homomorphisms.

3.5. THEOREM. A continuous linear map R: Lo — K, is in Ra(K,) if and only if
R=0 on LT’

Proof. If R=0 on Ly, then R(f* g)=0 for all f, g€ Ly. On the other hand,
Ly x Ky={0} and f* Rge L, x K,. Thus f* Rg=0 and R e Ry(K,). Conversely,
for Re Ry(K,) and f, g € Lo we have R(f* g)=f* Rge Ly * K,={0}. Since R is
linear and continuous, R(h)=0 for all A€ L.

We mention that Rq(K,) ={0} if Ly =Lg. In particular, Ly =L, if 1 € dQ, because
then L, contains an approximate identity of L.. To wit, if Q=TI we have
R(Ko)={0}.

4. A decomposition theorem for module homomorphisms. Let Q be a semigroup.
An equivalence relation ~ in Q is called an *“ideal equivalence relation” if o7~ 7
for all o, 7 € Q. Let us define the equivalence relation & in Q by o= 7 if and only if
o~ for every ideal equivalence relation ~ in Q. Then = is itself an ideal equiv-
alence relation. Among all ideal equivalence relations = is the finest, has the
smallest equivalence classes. Explicitly, o= = if and only if there exists a finite
sequence c=oy, 0y, . .., o,=1 in Q such that (Qa¢;) N (Qo;,,)# & for each i.
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The equivalence classes modulo = form a set #(Q). If Q is abelian or contains
a right unit, then _#(Q) consists of only one element; indeed, if Q is abelian, then
oxro=co7rX 7 for all o, 7€ Q, and if Q has a right unit 5, then o=09x 7 for all
ce Q. IfoeJe #(Q)and if = € Q, then (72)o=7(70), so QJ<J, which means that
J is a left ideal of Q.

4.1. LeMMA. Let Q be a measurable subsemigroup of T', with Q not locally null.
Then there exists a neighborhood ® of 1e€T such that Q N ®J=J for every
J € Z(Q). In particular, the ideal equivalence classes are relatively open in Q, and
f=2{f¢& : Je F(Q)} for all fe Ly. Furthermore, o~*J N Q=J for all o € Q and
Je #(Q).

Proof. Inasmuch as QQ contains a nonempty open subset of I' by [6, 20.17],
there is a B € Q and a neighborhood ® of 1 such that BO<=Q. Let o € Q. For all
7€ QN Oo we have Bro~! € BO < Q and consequently ox (870~ )o=pB7= 7. Thus,
ifoeJe #(Q), then Q N ®ocJ, so that Q@ N dJ<J. To prove the last statement,
we notice that if 7eJ, Be Q and o8 €J, then 7xof=xB; therefore o~ NQSJ,
while the converse inclusion is obvious.

4.2. COROLLARY. Let Q be as above. If Q is connected, then #(Q) contains only
one element.

Let Q be a measurable subset of I. It is known that if Lg is an algebra, then dQ
is a closed subsemigroup of I'. Furthermore, for any o € dQ, we have Q< Q la.e.
and Qo< Q la.e. (see §2). Inasmuch as every J € #(dQ) is a subsemigroup, L; and
Lg,; are nontrivial algebras, the latter because J is a nonempty relatively open
subset of dQ.

We have sufficient machinery to decompose (Lg, K)-homomorphisms.

4.3. THEOREM. Let Q be a measurable subset of ' that is not locally null. Assume
Ly, is an algebra, and K an L. module which is order-free. For every R € Ro(K) there
is a family {R; : J € #(dQ)} of elements of R(K), such that
® R()= 2, R(fE), fela

Je F(d)
Furthermore, | R|=sup {|R;| : J € #(dQ)}.

Conversely, for every norm-bounded family {R;:Je #(dQ)} in R(K) the
equation (*) defines an R € Ro(K).

Proof. Let R € Ry(K) be given to us. Let « € dQ, and let (,),; be an approximate
identity in L with norm 1 and such that (;),-: € L for every i. Next let o € I' and
f€Lyq. Then f, € L and hence (f,)* ™ € Lo, SLg. Thus

(RIS Dot = lim (RIL) ™ * Tl
= lim {RUfy * (we-Tfo -
= fim {f, * R{(e-1Tlo+ = lim £+ RI@)a-1].
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In particular, the latter limit exists for any o € I and f € L,q. Since the approximate
identity is bounded, so is {R[(w),-1] : i € I}, which means that if D is defined as
{feLp : lim; [f* R(u;),-1] exists}, then D must be a closed linear subspace of Lr,
and by the calculation above, D2\ J,er Log. Thus D2Cl (e Loa) =Lr (see 2.2).
Hence we can define R,: L — K by

Ro(f) = limf** R()e-1),  feLr.

Since f, g € L means that (f* g)*=f * g%, evidently R, € R(K). Recapitulating, we
have taken an R € Ry(K), so that R is defined only on Ly, and from it we have
defined a module homomorphism R, on the whole of L. The particular R, we
obtain depends (or at least appears to depend) upon the « € dQ picked at the
beginning of the proof. In any case, we next show that R, is an extension of R
restricted to Q N J, where « € J.

It is easy to show that R,=R on Lg,. After all, if fe Ly, then f*e Ly and
R (f)=lim; R(f* * (4;),-1)=lim; R(f* u;)=R(f). Now we determine an ideal
equivalence relation on dQ. Write B~ if R;=R,. Let B, 0 € dQ. We must show
that R,s= R;. On Lg,, Rz=R while on Lg,4, R,5=R. Since Qo< Q l.a.e., we have
Lass <L and Rys=R=R; on Lg,s. But R,; and R; are module homomorphisms
on L, so by Theorem 3.4 they are left translation invariant by any element of I'.
This means that they agree not only on Lg,,; but on L,g,, for any = € I'. Hence
R,3=R; on Cl (Qyer Ligss)=Lr (see 2.2). This proves that R,;=R; and ~ is an
ideal equivalence relation. Next, if « € dQ, then there is a J€ #(dQ2) such that
a €J. For any BeJ, R,= Ry, so that we may define R; as R, and take away the
apparent dependence on the particular « € J. Then R;=R on Cl (3sc; Log). We
note that J is a closed subset of dQ, since dQ\J is relatively open in dQ by Lemma
4.1 (where Q is replaced by dQ). Because dQ is closed in T', we know that J is also
closed in I', so J2dJ. Take B € dQ. Then R;=R on

cl (Z Lm,) =l ( > Lm) = D> Ly2Lyansy (by2.l),

oelJ oed] 1€dQ

which is just perfect for us because if f€ Lg~; then f;-1 € Lyqnj and consequently
R(N)=[RA(f3-)]s=[R(f5-1)]s=R(f) by the translation invariance of R. Thus
R=R; on Lgy.;. We have thus shown that R yields the module homomorphism R,
defined on all of Ly in such a way that R and R; agree on Q N J. From Lemma 4.1
we infer that for any felLoa=Lgnga, f=2,;{f&}, with the result that
R(N=3,;{R(fEN}=2; {RASfE))}, which proves (*). As for the norm inequalities,
[ Re|l £ | R| since the approximate identity is bounded by 1. Thus ||R;| < ||R| for
every J e #(dQ). The inequality |R| <sup {||R,| : Je #£(dQ)} follows from (*).
Hence | R|=sup {|R,| : J€ #(dQ)}-

We have yet to prove the converse. Let {R; : J € #(dQ)} be a family of elements
of R(K) such that {|R,| : J € #£(dQ)} is bounded. Then (*) defines a continuous
linear map R:Lg— K. Now let 0€dQ. By the last part of Lemma 4.1,
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o~ N dQ=J for every J € #(dQ2). This means that for all fe L,
Jo-1ér = (fée-19)s-1 = (féaabs-1D)o-1 = (f€))s-1.

R(fo-1) = Z Ri(f,-1 &) = 2 RA(f€7)s1)

Thus

- (S rtre) = RO

Y-
so by Theorem 3.4, R is an (Lg, K)-module homomorphism.

The theorem says that to any module homomorphism R defined on L there
corresponds a collection (R))se gq of module homomorphisms on Lr, and each
R; is the unique extension of R restricted to Q N J. Thus if we have complete
knowledge of R(K), then the problem of Ry(K) is completely solved as well. In
other words, the problem of characterizing Rqo(K) is reduced to the problem of
characterizing R(K). Besides what occurs in this paper, there is a discussion of
R(K) in [3], [8], and [9].

Sometimes Theorem 4.3 takes on a simpler form.

4.4. COROLLARY. Assume that Q has at least one of the following properties:
(«) Q is commutative.
B 1e€dQ.
(y) Q is connected.
Then every R € Ro(K) has a unique extension to an R € R(K), and |R| = | R|.

Proof. _#(dQ) contains but one element.

It would be conceivable, no matter what I' and Q<T are, that #(d() consisted
of but one element. In fact it would be desirable, since then any module homo-
morphism from L, to K could be extended—uniquely—to a module homo-
morphism from L to K. However, this is not the case. Let I" be the free group with
two generators, o and B, and let I" have the discrete topology. Let ® be the sub-
semigroup generated by 1, o, and B, and let Q be the subsemigroup ®« U ®S. We
define the continuous, linear map R: Ly — L by

R(¢ow) = éonrs o€ D, R(¢op) = €ioayy o€ Q.
Then R € Rg(Ly), but there is no extension R € R(Ly) such that R and R coincide
on L.

From the definition of _#(dQ2) we see that QN dQ is partitioned by
{QNJ:Je #(dQ)}. This means that Lo=Lg~sa=2; La~; Where the Lg.; are
pairwise disjoint (except for {0}) left ideals of L,. We prove below that
{Lans ¢ J € F(dQ)} forms the finest decomposition of Lg as the sum of disjoint left
ideals of the form L,.

4.5. THEOREM. Let (6,),c; be a set of measurable subsets of Q such that each Ly, is a
left ideal of Lo and such that Lo=Cl (3:; Ly,) and Lo, N Lo,={0} for i#j. Then for
each i, Ly, is the closure of 3 {Lan; : J € F(dQ), LansSLe}.
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Proof. Let P;: Lo — Ly, be defined by P(f)=f&,,. Then P, is continuous, linear,
a projection from L, onto L,, and f€ L, implies that f=3c; P(f). Fix i€ I. Let
/> 8 € Lg. Since by assumption L,, is a left ideal, and since Py(g) € L,, we have
f*[P(g)] € Ly, and thus

P(f*g)—f+*[P(8)] = P(f+8)—P{f*[P(]} = P{f*[g—P(DI]-
But g—[Py(8)] € Lae,=Cl (34: Ls)), s0

£+ (g—[P(@) eCl (jZf L)<a (; L,)

since each L, is a left ideal in Lo. Thus Pi(f * {g—[Pi(g)]}) =0. Hence P, € Ro(Ly).
Hence Theorem 4.3 applies, and there exists a collection {R; : J€ #(dQ)}=R(Ly)
such that P(f)=>; RAf§,), for all fe L. By a theorem of G. Wendel (see [10]),
every R; € R(Ly) determines a pu; € M(T') such that R,(g)=g * p,, for all ge L.
Then

Sfé, = P(f) = Z (f§) * puy, forall fe L.
7

Using this decomposition we show next that for each J e #(dQ), either u;=0 or
uy;=38,, the point mass at 1 € T'. To that end, let J € #(d2) such that 6, N J is not
locally null. If f€ Ly, ~, then the formula displayed above yields us f=f* p;. Thus
Lg,ny=Lg,n; * py, 80 that Ly ~; * (8, —p;)=0. Then 8, —p; lies in the order sub-
module of M(T). However, M(T') is order-free. Consequently 8; —u; =0, or 8, =p;.
On the other hand, if J is such that J N 6, is locally null, then by a similar reasoning,
u;=0. Finally, we note that (f¢;) * §, =f¢,, while (f¢,) *0=0, so that felLg
implies that

[l =D {f& :Te F(dQ), p; = 8,}.

Since every element of Ly, is of the form f&, for an appropriate f'€ Lq, we see that
we have decomposed L,, as hypothesized. (The closure appearing in the statement
of the theorem merely preserves the widespread convention that the sum of a
collection of spaces contains only finite sums of elements of the spaces involved.)

We remark that there may very well be finer decompositions of Lg into a sum of
ideals not of the form L,. Thus, if x is an idempotent measure on T, then Ly is the
direct sum of Ly # p and L. * (8, — ), while #(T") contains only one element.

Let us see how §§3 and 4 have simplified the problem of finding Rg(K)-module
homomorphisms for an arbitrary Lr module K. In the first place, we found that
Ra(K)=Ra(Ko) @ Ra(K,ps), in Theorem 3.3, and then described as completely as
we will here the space Rn(K,), which from Theorem 3.5 turns out to be the col-
lection of linear, continuous maps from Lg to K, which map Ly into 0. That done,
we directed our attention to those K which were order-free, showing that R € Rg(Kaps)
meant that R corresponded to a collection {R; : R; € R(K,ps), J € £(dQ)} (Theorem



590 S. L. GULICK, T.-S. LIU AND A. C. M. vaAN ROOIJ [December

4.3). Consequently we know Rq(K,ys) provided we know R(K,.s), which in this
case is none other than R(K) if K is order-free, by Theorem 3.3. Later we will use
these results in special examples.

5. Module homomorphisms on L;. In this section we assume that Q=I". For
any L module K whatsoever, we can determine a special subspace of R(K) in the
following way. For k € K, let Txk € R(K) be defined by (Txk)(f)=f* k (f€ Ly).
Indeed K is order-free if and only if Ty is injective. Then we have

5.1. THEOREM. (i) The definition (f* R)(g)=R(g *f) ([, g € Lr, R € R(K)) turns
R(K) into an order-free L. module, thereby rendering Ty, a module homomorphism of
K into R(K).

(ii) If K is absolutely continuous, T is an isometry.

(iii) The restriction of Ty to K,y is an isometry of K,ps onto R(K)qps.

(iv) Ty, is an isometry of R(K) onto R(R(K)).

Proof. (i) Except for showing that R(K) is order-free the proof is a straight-
forward calculation. But if Ly * R={0}, then R(Ly)=R(Ly * Lp)=Lp * R(L)={0},
so R=0. To prove (ii), we note first that if K is absolutely continuous, then K is
order-free, so Ty is injective. Next, if (#,);c; is an approximate identity of norm 1 in
L and if k € K, then

| Txk|

sup {|/* k| : fe L |f1x 5 1
tim Ju k] = [K].

v

On the other hand, since K is a Banach module, |Txk| < |k|. Now we prove (iii).
The isometry we already have. Since K, is absolutely continuous, Tk is factorable
in R(K) for every k € Kups. Thus Ty maps K, into R(K)aps. To show the map
restricted to K,ps is onto R(K)aps, let R € R(K)qaps. Then there exist fe L. and
R’ € R(K) such that R=f* R’. Thus for all ge Lp,

{Te[R(N)}(8) = g * (RS) = (f* R)(g) = R(g).

Consequently, R=T(R'(f)). Since Ly is factorable, there are f;, f> € L such that
f=f1*f;. Then R=Tg(R'(f; *f2))=Tx(f1 * R'(f2)) € Tx(K,ps), Which is what we
needed to prove. Finally we prove (iv), which is simple now. We have natural
surjective isometries

R(K) > R(Kaps) = R(R(K)ans) > R(R(K)),

the middle one coming from (iii) and the outer two by the comment following
Theorem 3.4. The composition of these isometries is just Twx).

5.2. THEOREM. Let Kbean L module. Every k* € K ,,s* determines a Qk* € R(K*)
by
[(Qk*)fNk) = k*(f'xk)  (feLr, keK).
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(If K=K,ps, then Q=Ty..) The map Q defined by this equation is an isometric
module homomorphism of K ,ps* onto R(K*).

Proof. Certainly Qk* is linear and continuous as a map from L, to K*. Also
| @k*|| < |k*||. Once one remembers that (f* g)’ =g’ *f’, there is no trouble in
showing that Qk* € R(K*). Then Q is a linear map K,ps* — R(K*) and | Q| =1.
The proof that Q is a module homomorphism is straightforward. Because the
domain of Q is K,ns*, Qk* =0 only if k*=0. Thus Q is injective and we are done if
we show it is surjective and || Qk*| = | k*| for all k* € K ps *. Let R € R(K*), and let
(4;)ie1 be an approximate identity in Ly, with |u]| <1 for each i. If fe L and j € K,
then

RAG) = lim (R(f* w))())
= lim (f * Ru))(j) = lim (Ru)(f" +))-

Thus lim, (Ru;)(k) exists for every k € K5 and
[tim (Ru)K)| < sup IR] Jul Ikl S IRI k]

Therefore we can define k* € K, * by k*(k) =lim; (Ru;)(k), for k € K., With the
result that | k*|| < || R||. Now by the existence proof of lim; (Ru;)(k) we have that for
all feLr and jeK, (RA)(j)=lim; (Ru)(f" *j)=k*(f" *j)=[(Qk*)f1(j). Thus
R=Qk* and | Qk*| = | k*|. This finishes the proof of the theorem.

With the aid of Theorems 5.1 and 5.2 we can compute R(K) for most of the
modules described in [5]. First, assume that X is a locally compact space, and I" a
group of homeomorphisms of X such that the map (o, x) > ox (ceT, xe X) is
jointly continuous. Let Cx be the Banach space of all continuous functions k£ on X
such that for every e>0 the set {x € X : |k(x)| = ¢} is compact. Then Cyx is an Ly
module with the module composition defined by

Frk(x) = fr fO)k(e-1x)do, xeX,

for fe Ly, k € Cx. (For details, see [4], [S].) We can make M(X) an L module by
noting that it is the dual of Cx. Definition 3.1 yields

(f*pk = u(f' * k), fe€Lp,pe M(X), ke Cx,

and it turns out that (f * u)(k)= [ [ k(cx)f(0) do du(x).

Since Cx is absolutely continuous, Theorem 5.2 tells us that R(M(X)) is
canonically isomorphic to M(X). (Unfortunately we have not been able to obtain
a description of R(Cy) itself!)

Now let X possess a quasi-invariant measure my. We denote by L% (1 < p <o0) the
space usually called L?(X) or L,(X), and write Ly instead of L(X). The natural
embedding Ly — M(X) makes Ly a submodule of M(X) (see [4]), and therefore
induces an embedding R(Lx) — R(M(X))=M(X). The image of R(Ly) in M(X) is
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N={ue M(X) : for every f e L, f * u is absolutely continuous with respect to my}.
This space has been investigated in [4], and in particular several conditions
equivalent to N equaling M(X) appear there.

Since LY =(Lx)* we can use (3.1) to make an L module out of Lg. It turns out
that for fe L and k € Lg,

Frk(x) = fp f(k(o-'x)do, lae. xeX.

We know Ly is itself absolutely continuous; hence, again by Theorem 5.2, R(LZ) is
isomorphic to Lg.

For 1=p=oo, in [4], we introduced convolution products Lpx L% — L%, of
which the module operations on Ly and LZ, mentioned above, are special cases.
For 1=p<oo, L% is an absolutely continuous module, and in particular, if
1 <p<oo, then by Theorem 5.2, R(L%) is isomorphic to L%.

Another space whose module homomorphisms we can describe is Lp N L3,
p € (1, o], which we look at through the eyes of K=Cr+ L%, where 1/p+1/g=1.
Now K is the linear span of {h+k:heCp, keLt}. Under the norm
|jll=inf {|A|| +||k| : h € Cr, k € L}, j=h+k} and under the convolution defined by

f*jo) = fpf(f)j(r"lo) dr, lae.ocel,

K becomes an absolutely continuous L module. The dual space K*¥ =L N LE has
for its norm | g|| =max (|| g|l1, | g») (see [7, Theorem 5]). The convolution in K*,
defined by the familiar formula in (3.1) can be reduced to the formula

fxg(o) = fp f(g(r-1a)do  (feLp,geLrnLp oel).

By Theorem 5.2, R(L. N L) is canonically isomorphic to Ly N L.

There is a connection between K,,; and R(K) deeper than a superficial appraisal
might reveal. It becomes apparent if we consider K — K,ps and R as functors in
the category of all Lp modules with continuous module homomorphisms as
morphisms. It is obvious that R is related to the well-known functor Hom in the
category of all modules over a ring. Writing L instead of L, in homological
language we may denote R(K) by Hom, (L, K). Less obvious is the analogy
between the functor K — K,,, and the tensor product, reflected in the following
theorem.

5.3. THEOREM. Let K be an L module. Then for any Ly module K' and any
continuous bilinear map T:L.xK-— K' that has the property T(f*g,k)
=fxT(g, k)=T(g, f * k), there is a unique continuous homomorphism T’ from Kg,
into K' such that the diagram

Lpx K —> Kqps

]\ ST
I d
K’
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is commutative (where the horizontal arrow represents the module composition
(f, &)~ f*k).

Proof. Let (,),; be an approximate identity in L. Take k € K, ;.. There exist
f€Lrand j e K such that f * j=k. Then

T(,)) = lim T(/* w, )
= li:n T(u, f*j) = li{n T(u;, k).

Thus we can define a linear T': K, — K’ by T'(k)=lim; T(u;, k), for k € K,ps.
The rest is straightforward.

Thus it looks reasonable to write K,,s=L &, K. In this terminology, Theorem 5.2
takes the form

Hom, (L, Hom¢ (K, C)) = Hom¢ (L ®; K, C), C the complex numbers,

which is a well-known formula in the algebraic theory. A theory relating Banach
module homomorphisms to tensor product theory has been begun by Mdté [8] and
developed systematically by Rieffel [9].

6. Module homomorphisms from L, to Ly. As we saw in §5 there is a natural
embedding R(Lx) — M(X). In the sequel we identify each R e R(Lx) with the
corresponding element of M(X); thus R(Lx)=N<M(X). Let Q<T and Y< X be
measurable. We are going to consider those R(Lx)-module homomorphisms
Ly — Ly which map L, into Ly={f€ Ly : f=0 a.e. outside Y}. We denote the
collection of such homomorphisms by Rg y. To aid the discussion we make the
following definition.

6.1. DEFINITION. Let Ay y={x€ X : ox€ Y for locally almost all oc € Q}. We
note that A, y is measurable, by Theorem 3.15 of [5].

6.2. LEMMA. If p € R(Lx) and if supp pS Aq.y, then p € Ry 5.

Proof. We need to show that L, * p<Ly. To do that, we let kK € LY be such that
k|y=0, and we let f € L,. We will show that f * u(k)=0. For any x € supp p S A4qy,
we have ox € Y for locally almost all o € Q, so that k(ox)=0 lLa.e. on Q, resulting
in [ f(0)k(ox) do=0. Therefore

(f*w)k) = fx [ ro)ktox) do dut)
- J‘ - fr f(oYk(ox) do du(x) = 0,

which completes the proof.
In the event that Y is closed in X, we can give a complete description of Rg y.
6.3. THEOREM. If Y is closed in X, then Rgy={npe M(X): peR(Lx) and
supp u S Aq,v}-
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Proof. Because of Lemma 6.2 all we must prove is that if ueRgy, then
supp S Ag y. By assumption, L, * p<Ly. Then for any k € Cx such that k|, =0,
we have (f* u)(k)=0 for all fe L,. Let o € dQ, and let (u;),; be an approximate
identity for L such that (#,),-: € L,. Then

0 = (o~ * p, k) = (1, (4)o-2) * k)
= (, ()’ x k) = (», ()" * kj)

which converges to u(k,) because Cy is absolutely continuous. Since ¢~ 1Y is
closed, supp pSo~1Y,foranyo € dQ. But(\yeaq 6~ Y S Aq y- Hence supp p < A4q y.

6.4. COROLLARY. If Y is closed in X, then Ag y=( \sean ¢~ 'Y, and hence Aq y is
closed. :

Recall that we have identified R(Ly) with a subspace N={u € M(X) : Lp * pS Ly}
of M(X). Obviously this N should play an important role in our discussion of
Agq,y. Under the restriction that N=M(X), it is not hard to prove that Ag y=Agq vy
if Y=1Y" La.e. (see the implication (i) = (iii) of Theorem 5.6 in [4]). Without the
restriction this is not true, as the following example shows: I'={1}, Y=Y" only
l.a.e. (However, from Y=Y’ lLa.e. it always follows that 4, y=Ag y- l.a.e.) Under
the condition that N=M(X) we have a neater conclusion for Theorem 6.3.

6.5. COROLLARY. If Y is closed in X and if N= M(X), then
Ra,y = {pe M(X) : suppp < Aq v}

Let Q< T be measurable and such that L, is a subalgebra of Ly.. For any Banach
module X over L, we denote by Ru(K) the space of all continuous module homo-
morphisms Ly — K (since every L. module is an L, module this notation is con-
sistent with our earlier use of the symbol Rqy(K)).

In particular we consider measurable subsets Y of X for which L, * Ly < Ly. For
such Y, Ly is an L, module. Theorem 4.3 gives an injection Rg(Ly)
—> [Treswn Ransry- In case #(dQ) consists of only one element, Ry(Ly) may be
identified with R, y. Then by Lemma 6.2, Ro(Ly) 2{n € M(X) : supp pSA4q v} and
if N=M(X), the two sets are equal if Y is closed (Corollary 6.5). If N=M(X), it
seems reasonable to ask whether we have equality for all Y, still assuming _#(dQ)
to contain only one element.

Now N=M(X) if X=T, and _#(dQ) contains only one element if I' is abelian
(Corollary 4.4). T. A. Davis states a theorem affirming the inclusion Rqg(Ly)
<{pe M(X) : p is concentrated on Ag y} for the case I' is abelian, X=T', and
Y=Q (Theorem 3.5(2) in [2]). Unfortunately, however, his proof seems to be
faulty.

By the same Corollary 4.4, #(dQ) contains only one element if 1 € dQ. For this
case F. Birtel [1] proves Ro(Ly)={pe M(X) : supp p<SAqgy} under the as-
sumptions X=T, Y=Q, Q is a closed semigroup containing 1 whose interior is
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dense in Q. In Theorem 6.7 we prove Ro(Ly)={n € M(X) : n is concentrated on
Agy} if 1€dQ and N=M(X). In Corollary 6.8 we prove Ro(Ly)={n € M(X) :
supp pS Aq v} if 1 € dQ and if for every fe Lrand k € Lg, [, f(0)k(o~*x) do depends
continuously on x, which is true for X=T".

We employ an auxiliary topology on X, called the orbit topology and designated
by 0, which is generated by sets of the form ®x, ® open in I, x € X. This topology
is studied in [5]. In what follows we shall use the facts that in case N=M(X), 0
coincides with the original topology of X on each orbit I'x, and that for fe L and
k e Lg, the function x — [ f(e)k(c~'x) do is O-continuous.

6.6. LEMMA. In the topology 0, Aq v is closed.

Proof. Take x € X. Then x € Aqy if and only if [ f(0)¢xy(ox) do=0 for every
fe Ly Now

| r@tanton) do = [ fte986)tnnto™5) do
= [ F@txulox) do

is O-continuous (see Lemma 4.9 of [5]); thus A4 is O-closed.

6.7. THEOREM. Let Q<TI', Y< X be measurable and such that Lg, is a subalgebra
opr, and LQ * Ly gLy. Assume N= M(X). I_fl € dQ, then ERQ(Ly)={}L € M(X) LR
is concentrated on Ag y}.

Proof. Let p € Ro(Ly). We note that I'x is a Borel set (Theorem 5.10 of [4]) for
each x € X. Since p is bounded, p is concentrated on a sigma-compact set. Inasmuch
as any compact set can intersect only countably many orbits (see Lemma 4.6 of
[5]), there exists a sequence ay, a, . .. in X such that u is concentrated on |, T'a,.
For each n define u, by du,=ér,, du and put Y,=Y N la,. Then Lg * Ly, <Ly,
p=2 pn and Ly * pu, =Ly for each n. It suffices to prove that each w, is con-
centrated on Ag y,. In other words, we may assume the existence of an a € X such
that u is concentrated on I'a and Y<Ta. Since 1 €dQ, by Theorem 5.6 of [5]
Lo* Ly=Ly. Let Qu=Q N dQ, T={x € X : there exist compact sets ®<Q and
D< Y such that [, £4(0)ép(c™1x) do>0}. Clearly T<T'a. According to the proof
of Theorem 5.5 of [5], we have Q,=Q la.e., T=7Y l.ae. and Q,T=T. Then
T<Aq,r=Aar=Aay-

Since 1 €dQ, Ly contains an approximate identity (u),c; of Lr. If k € Cx and
k=0 on T, then because u; * pe Lo * pnSLy=Ly,

wlk) = lim p(as; + k) = lim (u; * p)(k) = 0.

This means that supp u<T so that p is concentrated on T N F'a. Now as we
remarked in the preceding lemma, Ag y is O-closed. Because the original topology
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and the O-topology coincide on I'a this means that A, y N T'a is relatively closed in
Ta. Since TS Ay N Ta we obtain TN TacAgy N Tac Agy. Thus p is con-
centrated on A, y.

6.8. COROLLARY. Let Q, Y be as in the preceding theorem. Assume that for every
f€Lr and every k€ LR, [.f(o)k(c~'x) do depends continuously on x € X. Now if
1 €dQ, then Ro(Ly)={n € M(X) : supp pS Aq v}

Proof. Then the orbit topology and the original topology are the same (Lemma
4.9 of [5]), and Aq y is thus closed in X. Furthermore, the assumption implies that
N=M(X) (Theorem 3.3 of [5]). Thus we can use the preceding theorem.

We have one comment: € M(X) may be concentrated on A, y without being
supported on Agy. Let I'=R be the additive group of the reals, Q=(0, c0),
X =R U {0} the one-point compactification of R, with usual action of I" on X, and
mx({oo})=1, my|R=Lebesgue measure, and Y=(0, o). Then Ag y=[0, c©). Let
p=>2_,2-"8, where 8, is point mass at n. Then p is concentrated on Aq y but
not supported on Agq y.
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